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OPTIMAL C 1 “ ESTIMATES FOR A CLASS OF ELLIPTIC 
QUASILINEAR EQUATIONS 

DAMIAO ARAUJO AND LEI ZHANG 


ABSTRACT. It is well known that solutions of the following p-Laplacian type 
equation 

-div{y(x)\Vu\ p - 2 Vu) = f 

are locally C l}£ for some e > 0 if / and y are smooth. In this article we study 
a much bigger class of quasilinear equations and establish a sharp interior C l a 
estimates for weak solutions. The optimal index a, which is determined by 
intrinsic scaling, depends on the regularity of the corresponding homogeneous 
equation and the integrability of /. 


1. Introduction 

Let Q. be a bounded subset of R” (n > 2) and u be a solution of 
(1.1) — diva(x,Vu) = f(x) in Q, 

in the sense of distribution. Throughout the article we shall assume / G L q (Q.) 
for n < q <°°. The continuous vector field a : Q. x R" —> R" is C 1 regular in the 
gradient variable £. In addition we assume a to satisfy 

{ \a(x^)\ + \d,a{x^m<m p - 1 

d-2) { m\ p ~ 2 M-< (dja(x,^)^2) 

[ \a(xi,Z)-ci(x2,%)\ <Aa>(\xi-x 2 \)\t\ p 1 

for positive constants A < A, A > 1, all x,xi,X 2 G ^ and ^i,^G R”. In (11.21) . co 
is a modulus of continuity in R + with co(0) = 0, where for some 0 < Ob < 1, co is 
Holder continuous with exponent Go- 

Clearly (11.11 ) is a generalization of the following standard p-Laplacian equation: 

(1.3) -div{y{x)\Vu\ p - 2 Vu)=f, in Q, 

where y(x) is a positive smooth function. 

The main putpose of this article is to determine the C l f/ estimate for solutions 
of (11.11) with the almost optimal a. For decades people have been proving various 
existence and regularity results. For the simplest p-Laplacian equation 

(1.4) A p u = 0 in Qcl", A p v := div{\Vv\ p ~ 2 Vv), 
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Uraltseva in llT9l proved that for p > 1, weak solutions in the sense of distribution 
arc locally C i,a for some a E (0,1), but the exact number of a was not determined 
in her work (see also |[T71 0 and the reference therein). Since then regularity es¬ 
timates for quasilinear equations with varying coefficients as in (11.11 ) have been 
treated by several approaches. Here we mention two results closely related to this 
article: In SUHl Duzaar, Kussi and Mingione established the continuity of Vn, as¬ 
suming / in the Lorentz space Lin. 1 /(p — 1))) and a(-,c, ) being Dini continuous. 
Moreover if a and / satisfy 

(1.5) a(-,§) EC a<7 and / E L q {Q.) 

with n < q < °o and 0 < a < 1, a modulus of continuity of Vw was established. It 
was discovered by Teixeira fll4l that for equation (11.11) . solutions arc surprisingly 
smooth around critical points of u, even though the overall regularity of u cannot 
be expected due to the low regularity of the coefficients. 

In a different direction, using tools from complex analysis in (8), Lindgren and 
Lindqvist obtained the optimal interior C 1,0! estimate for p-Laplacian equations 
under two major assumptions: 1: the equation is defined in two dimensional spaces 
and 2: p> 2. 

Before we state our main result we introduce some important indexes that play 
an important role for the regularity of solutions of the equation (11.11) . In relation to 
constant coefficient equation: 

(1.6) — diva(Vn) = 0, i.e. w = 0 

we use 0 < (Xm < 1, depending only on n.p.X.A. to denote the best c/ 0 “-regularity 
exponent for solutions of (II.61) . see for instance j3][T3]]. Also, let us denote 

if n < q < °o, 

if q = oo. 

Our main result can be stated as follows: 


. f , n\ . 

' 1 1 

mm < an, 1-> • mm j 


J l q) 

l P~ 1J 


1 I 

c>{ ) ■ mm j 

1 j . 


. P ~ 1 J 


Theorem 1.1. Let u E VV' 1 ^'(O) be a weak solution of (11.11) . where f E L q (Cl) for 
some n <q <oo and the vector field cctlxIMI" satisfying the conditions (11.21) 
for some p > 2 — Then u is locally C 1 AO), where 

(1.7) y = min{a M ,a M } 


Moreover, for any K (<= LI, there holds 


(1.8) 


sup 

x,y€K,x=£y 


| Vu(x) — Vu(y)| 

I*-# 


<C r , 


for some constant Cy> 0 depending only on K,Q.,n,p,o o, A, A, H/Hl^d). IMIzAD) 
and ( (Xm — y) 1 - 


Hereafter in this paper we denote y as in (11,71) with a M denoting any positive 
number a < aM- So the constant C y —)• °° if y —>• (%. 






REGULARITY ESTIMATES FOR QUASILINEAR EQUATIONS 


3 


The sharpness of the index 7 can be observed from the following examples of 
the /j-Laplacian equation with p > 2: 

A p v = /, p > 2. 

Clearly in this special case Co = 1 and 

_ _/ (! — |)/(P— !)> if 0 €(»,<»)> 

M l 1 /(p-i), if 9 = °°- 

If / = 0, we should have a < If / is a positive constant, direct computation 
shows that 

u(x) = -- \x\ p ^ p ~ l ' > solves ApU = n. 

Thus a < l/(p— 1). Finally, if /is only assumed to be in L q for some q > n, 
u(x) = |x| 1+a solves A p il = (1 +a) p ~ l a(p - l)\x\ ap - a ~ l . 

It is easy to see that A p u € L q (B\) and u E C l+a if a = 1 p 'l[‘ J + £ for some e > 0 
small. Thus if we only assume / € L q (q > n) the optimal a < (l-n/q)/(p-l). 
From these examples we see that even for the /j-Laplacian equation with p > 2, 
Theorem 11.11 gives the optimal a as the minimum of the three indexes mentioned 
above. 

Here we also compare Theorem 11.11 with the result of Lindgren and Lindqvist 
OH for /j-Laplacian equation defined in two dimensional spaces. They proved that 
if P > 2 and / £ L q for some 2 < q < °°, solutions are C l ' a for the best cc possible: 
ir^r- If p > 2 and / E L°°, oc can be any positive number less than I /(/; — I j. 
Recently, under a new oscillation estimate developed in 0]], the first author, Teix- 
eira and Urbano have shown that solutions of A p u = / E L°° (p > 2) are in fact 
locally in the plane. Thus Theorem 1 1.1 1 is also an extension of Lindgren- 

Lindgvist’s result for this special case because the restriction on dimension is re¬ 
moved. 

In addition to the three restrictions mentioned above, the Holder continuity of 
CO in (11.21) certainly plays a role. Here we note that the Holder continuity of co in 
( 11 . 21 ) is definitely needed because even for the linear case 

— div(aij(x)Vu ) = 0 

we need to assume € C a in order to obtain the C l fT estimate of u. Also, if the 
right hand side function / is only in L" we cannot expect to have L°° estimate for 
Vu. See Corollary 11.1 I below for the optimal assumption in this respect. 

In Theorem ll.li the assumption p > 2 — ^ is generally required because for such 
a general class of equations the compactness in C 1 -topology may not hold if p is 
too close to 1 . We refer the readers to JU [TOl for more detailed discussion of this 
issue. However for the model case (11.31) . C 1 -estimates hold for all p > 1, and so 
the estimate (11.81 ) is also valid for (11.31 ). 

If q is slightly greater than n, 7 = (1 — n/q) mint I. \/{p — 1)). The case q = n 
is a particularly interesting borderline case. It is well known from the work of 
Manfredi lfT2llT3l that even for the model equation (11.31 ). if / € L n+e and 7 E C 0 e , 
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Vw g C“ (e) where a(e) -A 0 as £ — > 0. No explicit expression of a(e) was given in 
El S3- The following immediate consequence of Theorem l 1.1 I reveals the precise 
information of a(e) for the more general class of equations: 

Corollary 1.1. Let u be a weak solution to (11.11) satisfying (11.21) for p> 2 with 


CO G C 0,e and f G L n+e 

for some small £ > 0. Then Vu is locally of class C 0,a ( e ) for 



Because of the generality of (11.11) some classical tools such as Schauder estimate 
are not readily available. Even for the case p = 2, the nonlinear vector field a 
satisfying (11.21 ) has a quadratic growth and the classical regularity estimates for 
elliptic equations of divergent form cannot be applied directly. We shall establish 
this Schauder type estimate in the second main result: 

Theorem 1.2. Let u G H 1 (Q) be a solution to (11.11) satisfying the conditions of 
Theorem U.l\ with d= 2. Then u is locally C 1 ’^, where the estimate ED is valid for 
the following exponent: 



min{ao, 1 — n/q} if n < q < °° 

a 0 if <7 = 00. 


Here we mention the essential ingredients in the proof of the main result. For a 
generic solution of (11.11 ) we consider an appropriate neighborhood of the critical set 
^{u) := {x : Vu(x) = 0} in small balls with radius r where |Vh| < r. It allows us to 
apply the oscillation estimates developed by the first author, Teixeira and Urbano 
ID. see Section |3] However, for balls of radius r < |Vm| the gradient becomes 
large and the vector field a(x,%) exhibits a nonlinear quadratic growth. In this case 
Theorem 11.21 (to be established in the Section [2]) essentially provides the optimal 
regularity in this region. By combining estimates in these regions carefully we 
obtain the desired local estimates. 

Notations. For B r {x) C M' ! , we denote the open ball with radius r > 0 centered 
at x G R", in particular we set B r (0) = B r . If we do not mention the explicit de¬ 
pendence, constants depend on the usual parameters: n,p, A, A,A, ||m||lp) ||®||c CT o. 
||/||i 9 and dist(f£,d£2), for a compact set K <s LI, where dist (K,d£l) means the 
euclidean distance between K and the boundary of the domain Li. 

Organization of the paper. In Section [2] we treat regularity results for equations 
with quadratic growth by providing the proof of Theorem 11.21 In Section [3 con¬ 
sidering the general p-growth case, we derive regularity estimates for large radius 
and so, by using Theorem 11.21 for the small radius case, standard arguments are 
employed to prove Theorem ll.il 
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2. Regularity estimates for quasilinear equations with 

QUADRATIC GROWTH 


In this section we establish optimal regularity estimates for equations (11.11) with 
quadratic growth, i.e., the vector field a : Q. x R" —> R satisfying the conditions 
(11.21) for p = 2. As commented before, even for the case p = 2, the Schauder 
estimate has not been established before, because the vector field a has a nonlinear 
behavior. In this section we establish this Schauder estimate, which is Theorem 
11.21 and we shall use Theorem 11.21 as a major tool to prove the optimal regularity 
for equations with general p-growth in Section [3] 

Hereafter in this section, for R > 0 and xq £ B l / 2 , wc consider the function 
li £ H 1 (Br(x o)) a solution to the following equation 

(2.1) — diva(xo, Vh.) = 0 in Br(x o), 

with a satisfying the conditions in (11.21) for p = 2. Under such assumptions, we 
recall li £ WP {Br(x o)) and so each component hj := V e .h, for i = 1, ■ ■ ■ ,n, solves 
an equation of divergence form 


div(A(x)Vhi) = 0 for Ajj(x) := d^.a\xo,Vh(x)), 


( 2 . 2 ) 


since a(x o, •) is a constant coefficient equation. Also, by using C 1 -regularity for h 
and (11.21) respectively, we have A ,-j £ C°(Br(x o)) satisfying the following ellipticity 
condition: 


A|«I 2 <AjM6&<a|S| 2 


for any = (<§i, • ■ • , q„) £ R". Therefore, by standard estimates for elliptic equa¬ 
tions of divergence form, see for instance J6] Section 1.5], for each 0</3< 1 there 
exists a universal constant Cp > 0 such that 



for any 0 < r < R. Moreover, by using Poincare’s inequality for the estimate above, 
we obtain the following integral oscillation decay for harmonic functions: 


Lemma 2.1. Leth £H [ (Br(x q)) be a solution to (12.11) in Br(x o). For each number 
0 < a < 1 there holds 


(2.3) 



for any 0 < r < R and some universal constant C a > 0. 
Here we are using the classical average notation 



Next, we prove an immediate consequence of the previous Lemma. 
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Lemma 2.2. Let h G H l (B R (x o)) be a solution to ( 12.11) in B R (x o). For each 0 < 
a < 1 there exists a universal constant C > 0 such that 


/ \Vu — (Vu) XOjr \ 2 dx 
J B r (xo) 


< c 
+ c 


/ r\ n+2a f . 

( - ) / |Vm-(V ii)_ VOiS | 2 rfA 

JBs(xo) 

f \Vu-Vh\ 2 dx 
J Br(x o) 


/or «ny G H 1 (///a'o) ) o/jJ 0 <r <R. 

Proof. Let us consider v := u — h. A direct computation gives us 


/ \Vu — (Vu) XQ f 2 dx 
JB r (x o) 


< C 

< c 


( [ \Vu-(yh) X0 ^\ 2 dx+ [ |Vv| 2 <Lt j 

B r (xd) JB r (x o ) / 

|V/ 2 -(V/i) JOir | 2 dx+ [ |Vv| 2 dx 

JB r (x 0 ) 


'B r (x o) 


for any 0 < r <R. Therefore, by (12.31) we conclude that 


/ |V22 — (V2<) TOir | 2 <i.r: 

J B r (xo) 


r \ n+2oc 


+ c 


[ |Vvf 

J B R (x o) 


Br(xo) 

dx 


\Vh-(Vh) X0 ' R \ 2 dx 


and so 


' B t {xq) 


\Vu — (Vll) Xo r \ 2 dx < c (—) [ \Vu — (Vu) Xo r \ 2 dx 

|Vv| 2 dx. 


I B r (x o) 

■ r \ «+20 J 

+ Cll+(-) 


RJ 


I Br(xq) 


□ 


In order to prove Theorem 11.21 we need the following technical Lemma. For 
more details see for instance j6j Lemma 3.4]. 

Lemma 2.3. Let <t> > 0 be a nondecreasing function satisfying 

<J>(p) <A^y ®{r)+Br p 

for any 0 < p < r < R for nonnegative parameters R.A. B. a and /3 for (X > [i. 
Then for any 0 G (fi -(X ) there holds 

*(P)ZD(l£)\r) + BS) 

for any 0 < p < r < R, where D is a positive constant depending only on A, R, f,6. 

Now, we are ready to prove the main result of this section. 

Proof of Theorem [772] Let us consider h the unique solution to (12.11) satisfying 

u — hE Hq {B r (xq)). 
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By Mean value theorem, we observe that for each x G B r (x o) there exists a real 
number s x G (0,1) such that 

d^a(xo,s x Vu(x) + (1 — s x )Vh(x)) ■ (Vn(.r) — Vh(x)) = a(xQ ,V u(x)) — a(xo,'Vh(x)). 
Hence, the function v := u — h satisfies the following integral equation 


(2.4) 


IB r (x 0 ) 


d^a(xo,s x Vu(x) + (1 — s x )Wh(x)) Vv -V([>dx 


/ (a(xo,'Vu(x)) — a(xo,Vh(x))) ■ V 0 dx+ / f^d. 

Jb,(x 0 ) JB r (x 0 ) 


for any (j) G 7/ ( j {B r {x o)). Also by (12.11) . h satisfies 


(2.5) 


' B r (x 0 ) 


a(xo,Vh(x)) ■ V(j)dx = 0 V0 G// ( }(B r (xo)). 


On the other hand, considering the test function (j) = v, as well as by condition 
( 11 . 21 ) for p = 2 , we obtain the following estimate 
( 2 . 6 ) 

A / |Vv(jc)| 2 dx< / d^a(xo,s x Vu(x) + (1 — s x )Vh(x)) Vv■ Vvdx. 

JB r (x o) JB r (x o) 

By using the estimates (12.51) and (12.61) in (12.41) . we get 


(2.7) [ |Vv| 2 dx<C\(o{r) 2 [ \Vu\ 2 dx + ([ |/| 

J B r (x o) \ Jb^xq) \J B,-(x 0 ) 


2n 

•+ 2 <ir 


for some universal constant C > 0. Also, by Holder inequality we derive 


( 2 . 8 ) ([ \ f \^ dx ] n <([ |/|«4 

\7 B,(xq) J \JB r (x o) / 


• r 


n+2(l-n/g) 


for all q > n. Then, by (12.71 ) and (12.81) we get 


(2.9) 


’B r (x o) 


| Vn — V/i| 2 <±r < C ( co(r) 


' [ |V«| 

JB r (x o) 


2 ^+II/IIl ? (b 1 )-'-" +2(1 -” /9) 


Hence by Lemma I2l2l for each 0 < a < 1 there holds 

[ JVn - (Vu), 0 , r | 2 r/.r < C f f ^Y' +2 “ [ \Vu - (Vu), 0 ,«| 2 r/.r + r"+ 2 ^ 
JB r (x o) V V ^ y Jb r {xq) J 

for any 0 < r < R where /J := min {<7o, 1 —n/q}. Therefore by Lemma [231 for 
some universal small number Rq > 0 such that for all 0 < R < Rq there holds 

n+2/3 


' B r (xo) 


\Vu-(Vu) X0 , r \ 2 dx < c((^Y +2P f \Vu-(Vu) X0 , R \ 2 dx + r n+2 l } ) 

V V A y J Br (x o) / 

_ i 

for any 0 < r < R. In particular, for R = Rq and 0 < r < R’ Q : = 2 • R we obtain 

[ |Vm - (Vw)*,,r| 2 <k < C • r" +2/3 

j Br(xn) 
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for any 0 < r < R' 0 . Finally by Campanato’s embedding Theorem (see for instance 
CD), we derive the desired Flolder continuity. The proof of Theorem 1 1.21 is com¬ 
plete. □ 

3. Regularity estimates for quasilinear equations with p-growth 

In this section we shall consider parameters 2 — 1 /n < p and n < q < °°. We 
remark that by regularity estimates for quasilinear equations under the weakest 
assumptions (see fTTlBlflOTl), solutions to (11.11) are locally C 1 , depending especially 
on ||m||lp, so such solution can be defined at each point. 

Theorem 11.1 I follows from the following theorem by a standard argument. 

Theorem 3.1. Let u £ W ] ' I> (L1) be a weak solution to (11.11) in LI. For each compact 
set K <s LI, there exist positive constants C and po such that, for each 0 <P <po 
and X() £ K, there holds 

(3.1) sup \u(x) — u(xq)— Wu{xq) ■ x\ <Cp^ +l , 

Bp(x o) 

where y is determined by (17.71 ). 

3.1. Optimal growth estimates for large radius. Here we derive the main nov¬ 
elty of these arguments: to provide for weak solutions u of (11.11) the following 
upper optimal control 

(3.2) sup \u(x) — m(yo) + Vm(yo) -x\ < p 1+r 
Bp (xo) 

for radii 

|Vw(*o)| <p 7 . 

Proposition 3.1. Let u £W l ' p (B[) be a weak solution of (11.11) in B\. There exist 
positive constants Ko,po and C such that, if 

(3-3) |V«(0)| < 

for some 0 < P < Po, then 

(3.4) sup |m(y) — u(0)| < Cp r+1 . 

Bp 

In order to derive the Proposition 13. II we show, under a certain smallness regime 
adopted to the parameters related to equation (11.11) . that u can be approximated by 
a solution of a constant coefficient equation as in (11.61 ). 

Lemma 3.1. Let u £ W 1 ' P (B i) be a weak solution of (11.11 ) in B\. Given a, K > 0 
there exists l] > 0 depending on c and K, such that, for 

(3.5) ||n|| L ~( Bl ) < 1, ||/||l?( B i ) < J7 and sup |a(.r,<§) - a(0,<^)| < q|<^ |^ ! 

B\ 

there exists a function h in R3/4, solution of some constant coefficient equation, 

( 3 . 6 ) — div (flo(V/i)) = 0 in R3/4 
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such that 

(3.7) sup|w-/?| < a 1+r and |V«(0) - Vft(0)| < kT 

S l/2 

Proof. By contradiction there exist sequences {u/}, {aj} and {/)}, for j G N sat¬ 
isfying 

(3.8) di v(aj(x,'Vuj)) = fj in B\ 
where 

(3.9) ||w/|| L ~ (Bl) < 1, ||/y|| L ,( Bl ) =o(j) and \ aj (x, §) - fl/(0, t,)\■ \t,\ l ~ p = o(j), 
but, for some positive constants > 0, there holds 

(3.10) sup|w 7 — h\ > of +l or jV/r(0) — Vw 7 -(0)| > kJ 

B\/2 

for any solution li in fi 3 / 4 of the constant coefficients equation (13.61) . However, a 
standard regularity result for solutions of (13.81) assures that {uj} is a pre-compact 
sequence in the C 1 -topology, see BEK)] and 1 141 Theorem 2.1]. Therefore { uj } 
converges to Woo in C 1 norm along a subsequence and u m satisfies 

sup |Uj — Woo| —>■ 0 and |Vw ; (0) — Vwoo(0)| —^ 0. 

Bl/2 

On the other hand, thanks to C 1 -compactness, we can consider a universal constant 
K > 0 such that |Vw ; -| < K /2 in B 3 / 4 . Now, let us define 

:= a j(x,%)X{\^\<K} + k X{\£,\>k}- 

We note that the sequence {bj( 0, •)} is bounded and equicontinuous, therefore by 
Ascoli-Arzela, bj{ 0, •) —> fu»(0, •) uniformly in Bi/ 2 . Hence, by (13.91) we obtain 

\ a j(x>£)-a(0,£)\ < \aj(x,%) — a 7 (0,(^)| + |a ; (0,^) — floo(0,<§)| = o(j) 

for any x 6 B } , and q € Bk- This means that aj —> a rx . uniformly in 5 ly / 2 x Bk- By 
the standard arguments, we see that Uoo solves the constant coefficients equation 

— div(floo(0, Vwoo)) = 0 in 5m 

which leads to a contradiction to (13.101) . □ 

Proposition 3.2. Let u £ IT l ' p (B\) be a weak solution of (11.11) in If. There exist 
positive numbers T]oiPo < 1, Kq and C such that if 

II»IU“(S 1 ) < 1, ll/llwfBj) < Ho, sup \a(x,!q) — a(0,%)\ <Bo\^\ p ~ l 

B i 

and 

|Vw(0)|<^, 

A-0 

then there exists a universal constant p such that 

sup |w(x) — /t| < Po +1 - 

B P0 
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Proof. From Lemma [3TTI we know that for a and K small u is close to a solution 6 
of some constant coefficient equation. We shall determine a and K later. From the 
result of Lemma l3Tl we have 


(3.11) sup \u — 6(0) | < sup \u — 6| + sup|6 — 6(0) |, p< Po- 

Bp Bi/ 2 B p 


On the other hand, by the local regularity estimates to constant coefficients equa¬ 
tions as in CEP) , we get 

(3.12) sup|6-6(0)| <C(«,p)p“ M+1 + |V6(0)|p. 

Bp 

Here we emphasize that C depends only on n and p. As a consequence of (13.1 II) 
and (13.121) we have 


(3.13) 

Setting 


and 


we get 
(3.14) 


sup|w-6(0)| < a 7+1 +Cp“ M+1 + (tc 7 + |Vm(0)|)po. 

B Po 


l \ V(r+i) 

a = Po 'jiJ 


J N l/(a M -y) 

for Po=(^j 


1 1 
K = ' 3~Y 0 


Po with K 0 > 3 


sup \u — p | < p ( ; 


7+1 


U P 0 


where p = 6(0) is universally bounded. 


□ 


The proof of the following Proposition makes iterative use of Proposition 13.21 
showing a discrete version of Proposition 13.11 

Proposition 3.3. Let rjo and Kq be determined as in Proposition 13.21 If a weak 
solution u €W l ' p (Bi) of (11.11) in B | satisfies 

(3.15) ll/llwpo < Bo, sup|a(x,§)-a(0,§)| < Ool^ 1 

B\ 

and 

|V«(0)| < §1, 

P-o 

for some positive integer k £ N, then there holds 

sup|w(x) — jUjfcl <P(, (r+1) , 

B k 
Po 

where the sequence {pk}ke N satisfies 

(3-16) j/4-+t ~Hk\ <C- Po (7+1) 

for some constant C > 0. 
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Proof. The proof of Proposition 13.31 is by induction. The case k = 1 follows by 
Proposition 13.21 Next we assume that the conclusion holds for k < i. Suppose u 
satisfies 


|Vm(0)| < 


n 0'+l)y 
Po_ 

K 0 


Set a>i(x) 


“(Po*) - Pi 


Po 


i(y+i) 


Direct computation shows that co satisfies 


—div cif (x, V (Oj (x )) = f (x) in B i 


for 

ai(x,£):= Po r( l ~ p) a (p' 0 x, p ' 0 Y £) 

satisfying the same conditions as in (11.21) . and also the smallness conditions as in 
(13.151) . Moreover, 

fi(x):=p l 0 W - p)+1) mx), 

where it is easy to verify that 

Hr II - '(rt 1 —p)+t —f) || -|| 

WMl^BP < Po II/I|l«(£2 ) 

and so, by y < we see that ||/i-|| L « (Bl) < rjo- In addition we have 

|Vffl(0)|<^. 

Thus, a> satisfies the hypotheses of Proposition [372] and we have 

sup I co (x) -p* I < p ( J +l 

B Po 

for some bounded constant p„. Finally, by the definition of co and the estimate 
above, we obtain 

sup \u(y) — jU/+i| < p( i+1 ) (r+1 >, 
yzBj+i 
p 0 

where p (+ i := p, + pW +l \u* and the proof of Proposition 13. 3l is complete. □ 


Proof of Proposition ^. B under smallness regime. Let po and Kq be as in the Propo¬ 
sition [33j Given a number 0 < p < po, we take an integer k > 0 such that 


Po ' ' < P < Po- 

Flence, by the condition (13.31 ) 

|V«(0)|<^, 

Po 

and therefore, by Proposition [33l 

(3.17) sup \u{x)-p k \ < Po (r+1) , 
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for some sequence {jJ-kjkeN satisfying (13.161 ). Setting p, := lim /i /o we have 

°° 

(3.18) |p*-p*| <C'-pJ (r+1) . 

for some constant C r > 0. Finally, using (13.171) and (13.181) . we obtain 

sup \u(x) — /l*| < sup \u(x)- n k \ + |p*-p*| < C-p ( , A+1,(r+1) <C-p r+1 . 

Bp B t 

p *>o 

Obviously p* = u(0). Proposition 13. II is established. □ 

Universal smallness regime. Now, we remark that the Proposition 13.11 holds for 
any compact set K <s Q. without the smallness conditions (13.151 ). In fact, for v € 
IF 1 ,p (n) as a solution of (11.11) . let xq € K. For positive numbers Ao and Bo, the 
following function: 

v(x 0 +A 0 x) 

“W — - R - 

«0 

solves 

—div a 0 (x, Vu) = fo in B j, 

where 

a 0 (x,%) := (Bo/A 0 ) l p a(xo +Aqx,Bq/Aq ■ £) 

and 

||/o||w(B,) <#() 

Also, it is easy to see that ao satisfies the structural condition (11.21 ) with 
|fl 0 (^,^)-flo(0,^)| < Aco(A 0 |x|). 

Therefore, by choosing 

Ao := min{l,dist(^f, d£l)/2,co~ l (A- rjo) /dist^, B£ 2 )} 
and 

B 0 :=max jl,||v|| L ~ (£2 ), 'Aj/||/|| W (n)J7 0 _1 } » 

we conclude that ao satisfies the same structural conditions ( 11 . 21 ) as well as the 
smallness assumptions in (13.151) . Moreover u is normalized, i.e., ||m||l“(/Ji) < 1. 

Also, we would like to point out that by regularity theory for quasilinear equa¬ 
tions the upper bound for L“-norm follows: IMIi-qn) <C||v|| lp(D)> for some uni¬ 
versal constant C > 0 depending on the following parameters: n,p, A, A, A,||fi)||c°t>, 
and T>. Therefore, the normalization constant Bo depends only on L p - 
norm of v and universal parameters cited above. We are ready to prove Theorem 

irn 

3.2. Proof of Theorem 13.11 Under a universal normalization argument, with no 
loss of generality, we consider |Vn(0)| universally small, more precisely satisfying 

P* := [Ab-|Vw(0)|]r < Po, 

for the universal constant p 0 > 0 described in Proposition 13.11 In order to show the 
estimate (13.11) for any 0 < p < Po, we shall consider two cases. 
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FIGURE 1. This picture represents the obtaining of the regular¬ 
ity estimate by considering balls with radius p in the following 
cases: the regular case p < |Vm(jcq) | as well as the large radius 
case |Vw(* 0 )| <p. 


Case 1: p* < p < po- For this case, by using Proposition ^. 1 I we can obtain directly 
estimate (13.11) . To conclude the proof of Theorem [TT] we only need to consider the 
following case. 


Case 2: 0 < p < p*. Initially, we define 

. , u(p±x) — u(0) 

V(*) := y +1 1 in B\. 

P* 

Direct computation gives 

(3.19) = /*(r) in B\, 


where 

a+(x,%) = p! {1 - p) a(p*x,p!%) and /*(*) := pj (1_p)+1 /(p*.r). 

Clearly a* is under the conditions in (11.21) . also 

ll/.lkw < ll/llzw 

On the other hand, by considering Proposition 13.11 for the radius p*, we can find a 
universal C > 0, such that the following ZT-boundncss holds 

< sup |v(.r)| • |5i| 1/p = sup ■\B X \' L,P <C. 

X(zB\ X^iBp* P~k 

Consequently, by applying C°-estimates for Vv, there exists T*> 0 such that 

1 
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since |Vv(0)| = which implies |Vv(jc)| > ^ in B r _. Therefore, for some uni¬ 
versal constant co > 0 , there holds 

(3.20) co^IVvI^Cq 1 in B^. 

Therefore, in view of (13.201) . the equation (13.191) can be considered strictly as 
a nonlinear partial differential equation with quadratic growth, i.e., satisfying the 
conditions in (11.21) for p = 2 within B Tr . Therefore, by Theorem [L2l we obtain the 
following estimate 

(3.21) sup|v(x) — v(0) — jc-V v(0)| <C x rP, 

B r 

for each 0 < r < t*/ 2 , where 

f min{a 0 ,l-|} if q < 

1 Ob, if <7 = °°. 

It is easy to see from the definition of /3 e , that /3 > 7 for any p > I and n < q < °o. 
Therefore, by (13.211) we have 

(3.22) sup \u(y) — u(0) — y ■ Vh(0)| < CitJ +1 ?-^ e+1 < Ci(p*r ) r+1 

y^Bp„r 

for 0 < r < t*/ 2. Hence, the estimate (13.11) holds whenever 

0 < r < T*p*/ 2 . 

To conclude this case (and so the proof of Theorem 13. II) . we have to show that the 
estimate (13.221 ) holds for 

T*p */2 < r < p*. 

For this purpose, as the estimate (13.11) holds precisely for the radius p,, we have 
sup | u(x) — u( 0) — x • Vm( 0) I < CpJ +1 < C 

Br 

and so Theorem (13.11) is established. 

Proof of Theorem [7771 Finally, we show how Theorem 11.11 follows from Theorem 
ED by a standard argument. Let x,y € # 1/4 and without loss of generality we 
assume v = —re\,y = re 1 , where e\ = ( 1 , 0 ..., 0 ) and <?; is understood similarly. 
From Theorem 13. II we clearly have 

v(y ) = v(jc) + 2 ^iv(^:)r+ 0 (r r ) 

and 

v(x) = v(y) — 2d x v(y)r + 0 (r r ). 

The two equations above lead to 

|<9iv(x) -<9iv(y)| -r 1_r < C. 

For / = 2,...,n we fix z = ^ + re,- Also by Theorem 13.II we have 

(3.23) v(z) = v{x) + Vv(a) ■ (z — x) + 0(r r ) 
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and 

(3.24) v(z) = v(y) + Vv(y)-(z-y) + 0(r r ). 

By the definition of z we have 

Vv(y) -(z—y) = d\v(y)(-r) + div(y)r, Vv(x) ■ (z — x) = d\v(x)r + d(v{x)r. 
Using these equations, from (13.23b and (13.241) . we have 

v(y) —v(x) — div(y)r + (div(y) — d(v{x))r — d\v(x)r = 0(r y ). 

Using 

v(y)—v(x) =2d l v(x)r+0(r y ) 

we have 

djv(y) - div(x) = 0(r r ~ l ), i = 2 

Therefore Theorem 1 1.1 1 is established by using the estimate above on K <s Cl and a 
standard covering argument. □ 
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